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QUASI-LOCAL MASS AT NULL INFINITY IN BONDI-SACHS COORDINATES
PO-NING CHEN, MU-TAOWANG, YE-KAI WANG, AND SHING-TUNG YAU
ABSTRACT. There are two important statements regarding the Trautman-Bondi mass [3, 28, 36, 32, 33] at
null infinity: one is the positivity [29, 19], and the other is the Bondi mass loss formula [3], which are both
global in nature. In this note, we compute the limit of the Wang-Yau quasi-local mass on unit spheres at
null infinity of an asymptotically flat spacetime in the Bondi-Sachs coordinates. The quasi-local mass leads
to a local description of the radiation that is purely gravitational at null infinity. In particular, the quasi-local
mass is evaluated in terms of the news function of the Bondi-Sachs coordinates.
1. INTRODUCTION
An observer of the gravitational radiation created by an astronomical event is situated at future null
infinity, where light rays emitted from the source approach. The study of the theory of gravitational
radiation at null infinity in the last century culminated in a series of papers by Bondi and his collaborators
[3, 28, 36, 32, 33], in which the Bondi-Trautman mass and the mass loss formula at null infinity are well
understood. In particular, the Bondi-Trautman mass was proved to be positive in the work of Schoen-Yau
[29] and Horowitz-Perry [19]. Both the positivity of mass and the mass loss formula are global statements
on null infinity: knowledge of the mass aspect is required in every direction. For reasons that are both
theoretical and experimental, it is highly desirable to have a quasi-local statement of mass/radiation at
null infinity.
In [11, 12], we embarked on the evaluation the Wang-Yau quasi-local mass on surfaces of fixed size
near null infinity of a linear gravitational perturbation of the Schwarzschild spacetime. The ideas and
technique in [11, 12] were further developed to address the case of the Vaidya spacetime in [15]. The
construction of these spheres of unit size at null infinity will be reviewed in the next section. In the
Vaidya case, we proved in [15] that the quasi-local mass of a unit size sphere at null infinity is directly
related to the derivative of the mass aspect function with respect to the retarded time u. In particular,
the positivity of the quasi-local mass is implied by the decreasing of the mass aspect function in u. In
this article, we take on the general case of an asymptotically flat spacetime described in the Bondi-Sachs
coordinates. The Vaidya spacetime contains matter which contributes to the radiation. A general vacuum
spacetime in the Bondi-Sachs coordinates allows us to investigate radiation that is purely gravitational.
A new ingredient in this article is a variational formula (see Theorem 4.1) which facilitates a much
more straightforward computation of the O(d−2) than the one in [15]. Similar to [15], it is still crucial
to compute the O(d−1) term of the optimal embedding. This is done in Lemma 5.1 and Lemma 5.2 of
the current article. As in Lemma 3.3 of [15], the optimal embedding equation is reduced to two ordinary
differential equations. However, it does not seem possible to obtain explicit solutions to the ODE’s as
in the Vaidya case. The quasi-local mass is then evaluated by combining Theorem 4.1 and the optimal
embedding.
The structure of the paper is as follows: in Section 2, we review the general framework of the quasi-
local mass at null infinity. In Section 3, we compute the geometric quantities on the spheres at null
infinity that are necessary to evaluate the quasi-local mass. In Section 4, we derived the formula for the
P.-N. Chen is supported by NSF grant DMS-1308164 and Simons Foundation collaboration grant #584785, M.-T. Wang
is supported by NSF grant DMS-1405152 and DMS-1810856, Y.-K. Wang is supported by MOST Taiwan grant 105-2115-
M-006-016-MY2, 107-2115-M-006-001-MY2, and S.-T. Yau is supported by NSF grants PHY-0714648 and DMS-1308244.
The authors would like to thank the National Center for Theoretical Sciences at National Taiwan University where part of this
research was carried out.
1
2 PO-NING CHEN, MU-TAO WANG, YE-KAI WANG, AND SHING-TUNG YAU
leading order term of the quasi-local mass. In Section 5, we evaluate the quasi-local mass based on the
formula derived in Section 4. See Theorem 5.3. In the last section, Section 6, we look at several special
examples.
2. GENERAL FRAMEWORK OF QUASILOCAL MASS AT NULL INFINITY
We consider a null geodesic γ parametrized by an affine parameter d with d0 ≤ d < ∞ and a
family of surfaces Σd(s) for s > 0 centered at γ(d) in the following sense. For each fixed d and
s, Σd(s) is a surface that bounds a ball Bd(s) with ∂Bd(s) = Σd(s), such that as s → 0, we have
lims→0Bd(s) = lims→0Σd(s) = γ(d). We evaluate the quasilocal mass of Σd(s) as d → ∞. In
particular, when s = 1, limd→∞Σd(1) is the unit sphere limit referred on our previous work.
In practice, such an evaluation is conducted by choosing a family of parametrizations Fd from the unit
ball B3, Fd : B
3 → Bd(1) and considering the pull-backs of geometric quantities onBd(1) as geometric
quantities on B3 that depend on the parameter d. In particular, Σd(s) is the image of the sphere of radius
s in B3 under Fd. The unit sphere limit is obtained by setting s = 1 and taking the limit as d→∞.
When the spacetime is equipped with a global structure at null infinity that corresponds to limits of
null geodesics, these unit sphere limits provide information of gravitational radiation observed at null
infinity. We illustrate the construction in the Vaidya case where the spacetime metric takes the simple
form:
−
(
1− M(u)
r
)
du2 − 2dudr + r2dθ2 + r2 sin2 θdφ2.
We first consider a global coordinate change from (u, r, θ, φ) to (t, y1, y2, y3) with t = u + r, y1 =
r sin θ sinφ, y2 = r sin θ cosφ, and y3 = r cos θ. In terms of the new coordinate system (t, y1, y2, y3),
the parametrization is then given by
Fd = (s, θˆ, φˆ)→ (t, y1, y2, y3) = (d, dd˜1 + s sin θˆ sin φˆ, dd˜2 + s sin θˆ cos φˆ, dd˜3 + s cos θˆ),
where (s, θˆ, φˆ) is a coordinate system on B3 and the constants (d˜1, d˜2, d˜3) satisfies d˜
2
1+ d˜
2
2+ d˜
2
3 = 1 and
indicates the direction of the null geodesic which is parametrized by d 7→ (d, dd˜1, dd˜2, dd˜3). Along the
ball centered at a point on the null geodesic in the direction of (d˜1, d˜2, d˜3), we have
r =
√
d2 + 2sdZ + s2,
u = d−
√
d2 + 2sdZ + s2,
y1
r
=
dd˜1 + s sin θˆ sin φˆ√
d2 + 2sdZ + s2
, etc.
where
Z = d˜1 sin θˆ sin φˆ+ d˜2 sin θˆ cos φˆ+ d˜3 cos θˆ.
The pull-back of the global coordinate (u, r, θ, φ) under Fd defines functions on B
3 depending on d.
As d→∞ we have
(2.1) lim
d→∞
F∗du = −sZ, lim
d→∞
F∗dθ = θ˜, lim
d→∞
F∗dφ = φ˜,
where θ˜, φ˜ are defined such that d˜1 = sin θ˜ sin φ˜, d˜2 = sin θ˜ cos φ˜, and d˜3 = cos θ˜.
3. UNIT SPHERE AT NULL INFINITY IN BONDI-SACHS COORDINATES
The spacetime metric in Bondi-Sachs coordinates is given by
−
(
1− M
r
+O(r−2)
)
du2 − 2 (1 +O(r−2)) dudr − 2(U (−2)A +O(r−1)) dudvA
+(r2σ˜AB + rCAB +O(1))dv
AdvB .
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Substituting u = t− r, the metric becomes, up to lower order terms,
−
(
1− M
r
)
dt2 +
(
1 +
M
r
)
dr2 − 2M
r
dtdr − 2U (−2)A (dt− dr)dvA + (r2σ˜AB + rCAB)dvAdvB .
The unit timelike normal of t = d slice is given by
~n =
(
1 +
M
r
)
∂t +
M
r
∂r +
U
(−2)
A
r
∂A
r
+O(r−2).
We compute
〈∇∂r∂r, ∂t〉 = −
1
2
Mu
r
+O(r−2),
〈∇∂A∂B , ∂t〉 = −
r
2
(CAB)u +O(1),
to get the second fundamental form of t = d slice
krr =
1
2
Mu
r
+O(r−2)
kAB =
r
2
(CAB)u +O(1).
(3.2)
A null geodesic with u = 0, θ = θ˜, φ = φ˜ corresponds to points with the new coordinates
(t, y1, y2, y3) = (d, dd˜1, dd˜2, dd˜3).
Let di = dd˜i. We consider the sphere Σd of (Euclidean) radius 1 centered at a point (d, d1, d2, d3) on the
null geodesic and the ball Bd bounded by Σd in t-slice. Namely,
Σd = {(t, y1, y2, y3)| t = d,
∑
i
(yi − di)2 = 1},(3.3)
Σd(s) = {(t, y1, y2, y3)| t = d,
∑
i
(yi − di)2 = s2},(3.4)
Bd = {(t, y1, y2, y3)| t = d,
∑
i
(yi − di)2 ≤ 1}.(3.5)
In this article, we study the Wang-Yau quasi-local mass of the family of surfaces Σd defined in (3.3)
as d→∞ using the frame work outlined in Section 2. Namely, we consider a family of embedding
Fd = (s, θˆ, φˆ)→ (t, y1, y2, y3) = (d, dd˜1 + s sin θˆ sin φˆ, dd˜2 + s sin θˆ cos φˆ, dd˜3 + s cos θˆ).
In particular, Fd maps the sphere of radius s, Σ(s) in B
3 onto Σd(s). The pull-backs of M , U
(−2)
A and
CAB under Fd defines tensors on B
3 depending on d. By (2.1), their limits as d → ∞ depend only on
sZ . We define the following:
Definition 3.1. We define F (x), PAB(x) and QA(x) to be functions of a single variable x such that
F (sZ) = lim
d→∞
M
PAB(sZ) = lim
d→∞
CAB
QA(sZ) = lim
d→∞
U
(−2)
A .
We use F ′, P ′AB and Q
′
A to denote the derivative of these functions with respect to x.
We consider the following two functions (cos θ˜ cos φ˜) sin θˆ cos φˆ+(cos θ˜ sin φ˜) sin θˆ sin φˆ−sin θ˜ cos θˆ
and− sin φ˜ sin θˆ cos φˆ+cos φ˜ sin θˆ sin φˆ. Together withZ = sin θ˜ sin φ˜ sin θˆ sin φˆ+sin θ˜ cos φ˜ sin θˆ cos φˆ+
cos θ˜ cos θˆ, they form an orthogonal basis of first eigenfunctions on S2. We refer to these two functions
as ZA.
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In terms of Z and ZA, the transformation formula [15, page 3] gives
dr = Zds+ sZbdu
b +O(d−1)
dvA = (
1
r
ZA)ds+ (
s
r
ZAb )du
b +O(d−2).
(3.6)
Let g¯ be the pull-back of the metric on the hypersurface t = d by Fd. In terms of the coordinate system
{s, ua} on B3, we have
g¯ss =1 +
1
d
(
F (sZ)Z2 + 2QA(sZ)ZZ
A + PAB(sZ)Z
AZB
)
+O(
1
d2
)
g¯sa =
s
d
(
F (sZ)ZZa +QA(sZ)(ZZ
A
a + ZaZ
A) + PAB(sZ)Z
A
a Z
B
)
+O(
1
d2
)
g¯ab =s
2σ˜ab +
s2
d
(
F (sZ)ZaZb +QA(sZ)(ZaZ
A
b + ZbZ
A
a ) + PAB(sZ)Z
A
a Z
B
b
)
+O(
1
d2
).
(3.7)
We first compute geometric data on Σd(s).
Lemma 3.2. On Σd(s),
σ
(−1)
ab = s
2
[
F (sZ)ZaZb +QA(sZ)(ZaZ
A
b + ZbZ
A
a ) + PAB(sZ)Z
A
a Z
B
b
]
1
2
[
∇˜a∇˜bσ(−1)ab − trσ(−1) − ∆˜(trσ(−1))
]
= s2
[
− 1
2
sF ′(sZ)Z(1− Z2)− F (sZ)(1− 2Z2)
+
(
sQ′A(sZ)Z
2 − sQ′A(sZ) + 4QA(sZ)Z
)
ZA
+
(
s2P ′′AB(sZ) + sP
′
AB(sZ)Z + 4PAB(sZ)
)
ZAZB
]
Remark. In the proof, we denote functions such as F (sZ), F ′(sZ) and QA(sZ) by F , F
′ and QA.
Proof. On Σd, we have
∇˜a∇˜bσ(−1)ab = F ′′(1− Z2)2 − 7F ′Z(1− Z2)2 − 3F (1− 3Z2)
+
[−2Q′′AZ(1− Z2)− 6Q′A(1− Z2) + 8Q′AZ2 + 18QAZ]ZA
+
[
P ′′ABZ
2 + 7P ′ABZ + 9PAB
]
ZAZB
∆˜(trσ(−1)) = F ′′(1− Z2)2 − 6F ′Z(1− Z2)2 + F (6Z2 − 2)
− 2 [Q′′AZ(1− Z2)− 6Q′AZ2 + 2Q′A − 6QAZ]ZA
− [P ′′AB(1− Z2)− 6P ′ABZ − 6PAB]ZAZB
The computation on Σd(s) is similar. We get a factor of s after each derivative. 
Lemma 3.3. On Σd,
(α
(−1)
H )a = −F ′ZZa +
1
4
F ′′(1− Z2)Za + 1
4
P ′′ABZaZ
AZB +
1
2
P ′ABZ
A
a Z
B
2∇˜a(α(−1)H )a =
1
2
F ′′′(1− Z2)2 − 4F ′′Z(1− Z2)− 2F ′(1− 3Z2)
+
(
1
2
P ′′′AB(1− Z2)− 4P ′′ABZ − 6P ′AB
)
ZAZB.
Proof. The unit normal of Σd is ν = ∂s +O(d
−1). By (3.6), we have
∂s = Z∂r +
1
d
ZA∂A +O(d
−2),
∂a = Za∂r +
1
d
ZAa ∂A +O(d
−2).
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By (3.2), we get
−k(ν, ∂a) = 1
2
Mu
d
ZaZ − 1
2d
(CAB)uZ
A
a Z
B +O(d−2),
trΣk = −1
2
Mu
d
(1− Z2)− 1
2d
(CAB)uZ
AZB +O(d−2).
The assertion follows from αH = −k(ν, ∂a) + ∂a trΣk|H| +O(d−2).

4. THE EXPANSION OF THE WANG-YAU QUASI-LOCAL MASS
We consider the Wang-Yau quasi-local mass on the unit sphere constructed in the previous section.
Theorem 4.1. For T0 = (1, 0, 0, 0),
E(Σd,X, T0) =
1
8πd2
[ ∫
B3
1
8
σ˜ADσ˜BE(CAB)u(CDE)u − det(h(−1)0 − h(−1))
+
1
4
∫
S2
(trΣk
(−1))2 − τ (−1)∆˜(∆˜ + 2)τ (−1)
]
+O(d−3)
(4.8)
where τ (−1) is the solution to the optimal embedding equation
∆˜(∆˜ + 2)τ (−1) =
1
2
F ′′′(1− Z2)2 − 4F ′′Z(1− Z2)− 2F ′(1− 3Z2)
+
(
1
2
P ′′′AB(1− Z2)− 4P ′′ABZ − 6P ′AB
)
ZAZB .
Proof. We write
E(Σd,X, T0) = EBY (Σd) + (ELY (Σd)− EBY (Σd)) + (E(Σd,X, T0)− ELY )
where EBY and ELY denote the Brown-York mass and the Liu-Yau mass, respectively. From Lemma
3.1 of [7], we conclude
EBY =
1
8πd2
∫
B3
|k(−1)|2 − (trk(−1))2
2
− det(h(−1)0 − h(−1)) +O(d−3),
where we also use the vacuum constraint equation
R = |k|2 − (trk)2.
It is easy to see that
ELY − EBY = 1
32πd2
∫
S2
(trΣk
(−1))2 +O(d−3).
From the second variation of the Wang-Yau mass in [8, 9], we have
E(Σd,X, T0)− ELY = 1
32πd2
∫
S2
τ (−1)∆˜(∆˜ + 2)τ (−1) +O(d−3).
Finally, we apply (3.2) to evaluate |k(−1)| and trk(−1). 
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5. EVALUATING THE QAUSI-LOCAL MASS
Recall the O(1
d
) terms of the metric coefficients on Bd
g¯(−1)ss = F (sZ)Z
2 + 2QA(sZ)ZZ
A + PAB(sZ)Z
AZB
g¯(−1)as = s
[
F (sZ)ZZa +QA(sZ)(ZZ
A
a + ZaZ
A) + PAB(sZ)Z
A
a Z
B
]
g¯
(−1)
ab = s
2
[
F (sZ)ZaZb +QA(sZ)(ZaZ
A
b + ZbZ
A
a ) + PAB(sZ)Z
A
a Z
B
b
]
To apply Theorem 4.1, we need to compute h
(−1)
0 − h(−1) and τ (−1). We first derive a formula for
h
(−1)
0 − h(−1).
Lemma 5.1. Let AAB(Z, s) be a trace-free, symmetric 2-tensor that solves the ODE
A′′AB(Z, s)(1 − Z2)− 6A′AB(Z, s)Z − 4AAB(Z, s) = −
s3
2
P ′′AB(sZ)−
s2
2
P ′AB(sZ)Z − 2sPAB(sZ),
(5.9)
for each 0 < s ≤ 1. Here A′AB means ∂AAB∂Z . Then the difference of second fundamental forms on the
sphere of radius s is given by
h
(−1)
0 − h(−1)
=−A′′ABZaZbZAZB + (
s2
2
P ′AB(sZ)− 2A′AB)
(
ZaZ
A
b + ZbZ
A
a
)
ZB
+
(
A′ABZ +AAB −
s
2
PAB(sZ)
)
ZAZB σ˜ab +
(
sPAB(sZ)− s
2
2
P ′AB(sZ)Z − 2AAB
)
ZAa Z
B
b .
Proof. We start with h(−1). The unit normal is given by
ν¯ =
(
1− g¯
(−1)
ss
2d
)(
∂s − s
−2σ˜abg¯
(−1)
as
d
∂b
)
+O(d−2).
We compute
hab =
1
2
(〈D∂a ν¯, ∂b〉+〈D∂b ν¯, ∂a〉) = sσ˜ab+
1
d
(
1
2
∂sg¯
(−1)
ab −
∇˜ag¯(−1)bs + ∇˜bg¯
(−1)
as
2
− g¯
(−1)
ss
2
sσ˜ab
)
+O(d−2).
For h
(−1)
0 , we expand the isometric embedding X as
X = sX˜ +
1
d
X(−1) +O(d−2)
where X˜ denote the unit sphere in R3. We decompose X(−1) into X(−1) = αa∂a + βν. The linearized
isometric embedding equation reads
(5.10) σ
(−1)
ab = s
2(σ˜ac∇˜bαc + σ˜bc∇˜aαc) + 2βsσ˜ab.
From the computation in [35, pages 938-939], (5.10) implies that
(5.11) h
(−1)
0 = −∇˜a∇˜bβ − βσ˜ab +
1
s
σ
(−1)
ab .
Putting these together, we obtain
h
(−1)
0 − h(−1) = −∇˜a∇˜bβ − βσ˜ab +
1
s
σ
(−1)
ab −
1
2
(∂sg¯ab)
(−1) +
∇˜ag¯(−1)bs + ∇˜bg¯(−1)as
2
+
g¯
(−1)
ss
2
sσ˜ab.
(5.12)
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To solve β, we consider the expansion of the Gauss curvature K(d, s) of Σd(s). Let
K(d, s) =
1
s2
+
1
d
K(−1) +O(d−2)
On the one hand, from the metric expansion, we get
K(−1) =
1
s2
(
−∇˜a∇˜bσ(−1)ab + trS2σ(−1) + ∆˜trS2σ(−1)
)
.
On the other hand, combining (5.11) and the Gauss equation, we conclude that
K(−1) =
2
s
(∆˜ + 2)β
As a result, β is the solution of
2s(∆˜ + 2)β = −∇˜a∇˜bσ(−1)ab + trS2σ(−1) + ∆˜trS2σ(−1).(5.13)
For the right hand side, we compute
−∇˜a∇˜bσ(−1)ab + trS2σ(−1) + ∆˜trS2σ(−1) = s3F ′(sZ)Z(1− Z2) + s2F (2 − 4Z2)
+ s3Q′A(sZ)(2− 2Z2)ZA − 8s2QA(sZ)ZZA
+
(−s4P ′′AB(sZ)− s3P ′AB(sZ)− 4s2PAB(sZ))ZAZB
On the other hand, let F and QA be an antiderivative of F and QA respectively, and AAB satisfy (5.9).
One verifies that
(5.14) β =
F(sZ)
2
Z +QA(sZ)ZA +AAB(Z, s)ZAZB
solves the linearized isometric embedding equation (5.13) since, for a trace-free, symmetric 2-tensor
AAB(Z, s),
(∆˜ + 2)
(AAB(Z, s)ZAZB) = (A′′AB(Z, s)(1 − Z2)− 6A′AB(Z, s)Z − 4AAB(Z, s))ZAZB.
We are ready compute (5.12) where β is given in (5.14). We have
−∇˜a∇˜bβ − βσ˜ab = −s
2
2
F ′ZZaZb +
s
2
FZ2σ˜ab
− s2Q′AZaZbZA + sQAZZAσ˜ab
−A′′ABZaZbZAZB − 2A′AB(ZaZAb + ZbZAa )ZB
+ (sPAB − 2AAB)ZAa ZBb + (A′ABZ +AAB)ZAZBσ˜ab −
1
s
σ
(−1)
ab ,
1
s
σ
(−1)
ab −
1
2
∂sg¯
(−1)
ab = −
s2
2
(
F ′ZZaZb +Q
′
AZ(ZaZ
A
b + ZbZ
A
a ) + P
′
ABZZ
A
a Z
B
b
)
1
2
(∇˜ag¯(−1)bs + ∇˜bg¯(−1)as ) = s2F ′ZZaZb − sFZ2σ˜ab
+
s2
2
Q′AZ(ZaZ
A
b + ZbZ
A
a ) + s
2Q′AZaZbZ
A − 2sQAZZAσ˜ab
+
s2
2
P ′AB(ZaZ
A
b + ZbZ
A
a )Z
B − sPABZAZBσ˜ab + 1
s
σ
(−1)
ab
1
2
g¯(−1)ss sσ˜ab = s
(
1
2
FZ2 +QAZZ
A +
1
2
PABZ
AZB
)
σ˜ab.
We see that terms involving F,QA cancel and the result has the asserted form. 
Next we compute τ (−1).
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Lemma 5.2. Define the second order differential operator
LG(Z) = [(1− Z2)G′]′ (Z)− 4G′(Z)Z − 6G(Z).
Let BAB(Z) be a traceless, symmetric 2-tensor that solves the ODE
L(L+ 2)BAB = 1
2
P ′′′AB(Z)(1− Z2)− 4P ′′AB(Z)Z − 6P ′AB(Z).(5.15)
Then
τ (−1) = ZF(Z) + B(Z)ABZAZB
solves the leading order of optimal embedding equation
∆˜(∆˜ + 2)τ (−1) =
1
2
F ′′′(1− Z2)2 − 4F ′′Z(1− Z2)− 2F ′(1− 3Z2)
+
(
1
2
P ′′′AB(Z)(1 − Z2)− 4P ′′AB(Z)Z − 6P ′AB(Z)
)
ZAZB .
Proof. The equation is linear. We look for τ
(−1)
1 and τ
(−1)
2 such that
∆˜(∆˜ + 2)τ
(−1)
1 =
1
2
F ′′′(1− Z2)2 − 4F ′′Z(1− Z2)− 2F ′(1− 3Z2),
∆˜(∆˜ + 2)τ
(−1)
2 =
(
1
2
P ′′′AB(Z)(1− Z2)− 4P ′′AB(Z)Z − 6P ′AB(Z)
)
ZAZB.
From Lemma 3.3 of [15], τ
(−1)
1 = ZF(Z) solves the first equation
∆˜(∆˜ + 2)(ZF(Z)) = 1
2
F ′′′(1− Z2)2 − 4F ′′Z(1− Z2)− 2F ′(1− 3Z2).
It is straightforward to verify that τ
(−1)
2 = BAB(Z)ZAZB solves the second equation if the traceless,
symmetric 2-tensor BAB(Z) solves (5.15). 
We are ready to state the main theorem for the quasi-local mass,
Theorem 5.3. For T0 = (1, 0, 0, 0) and X solves the leading order term of the optimal embedding
equation, the Wang-Yau quasi-local energy
E(Σd, T0,X)
=
1
d2
[∫
B3
1
8
∑
A,B
P ′AB(sZ)P
′
AB(sZ)− det(h(−1)0 − h(−1))
+
1
4
∫
S2
1
4
(P ′ABZ
AZB)2 −BDEZDZE
(
1
2
P ′′′AB(Z)(1− Z2)− 4P ′′AB(Z)Z − 6P ′AB(Z)
)
ZAZB
]
+O(d−3)
where h
(−1)
0 − h(−1) is as determined in Lemma 5.1 and BAB is as determined in Lemma 5.2.
Proof. We start with Theorem 4.1 in which h
(−1)
0 −h(−1) is as determined in Lemma 5.1 and τ (−1) is as
determined in Lemma 5.2. We simplify the expression∫
S2
(trΣk
(−1))2 − τ (−1)∆˜(∆˜ + 2)τ (−1) =
∫
S2
1
4
F 2(1− Z2)2 − τ (−1)1 ∆˜(∆˜ + 2)τ (−1)1
+
∫
S2
1
4
(
P ′AB(Z)Z
AZB
)2 − τ (−1)2 ∆˜(∆˜ + 2)τ (−1)2 .
We have ∫
S2
1
4
F 2(1− Z2)2 − τ (−1)1 ∆˜(∆˜ + 2)τ (−1)1 = 0
by [15, (3.6)]. This finishes the proof of the theorem. 
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In particular, we observe that the answer depends on the leading order term of the news function onB3
since both ODEs in Lemma 5.1 and Lemma 5.2 are linear ODEs where the right-hand side depends on
PAB and their derivatives. In general, we do not have explicit solutions to these ODEs. In the following
section, we compute the quasi-local mass explicitly for a few special examples.
6. SPECIAL CASES
Write E(Σd, T0,X) = d
−2E(−2) +O(d−3). We evaluate E(−2) for a few special cases of PAB. Let
pAB, qAB be two constant symmetric traceless 2-tensors.
Proposition 6.1. If PAB(x) = pAB + qABx, E
(−2) = 0.
Proof. One verifies that
AAB(Z, s) = s
2
pAB +
s2Z
4
qAB
BAB(Z) = −1
4
qAB
solve (5.9) and (5.15) respectively. Direct computation shows that h
(−1)
0 − h(−1) = 0. Hence,
E(−2) =
1
8π

1
8
∑
A,B
qABqAB · 4π
3
+
1
4
∫
S2
1
4
(
qABZ
AZB
)2
+
1
4
qDEZ
DZE · (−6qABZAZB)

 = 0,
where we used the identity∫
S2
ZAZBZDZE =
4π
15
(δABδDE + δADδBE + δAEδBD).(6.16)

Proposition 6.2. If PAB(x) = pABx
2. Then E(−2) = 120
∑
A,B pABpAB .
Proof. One verifies that
AAB(Z, s) = s3
(
(Z)2
6
+
1
3
)
pAB
BAB(Z) = −Z
6
pAB
solve (5.9) and (5.15) respectively. Direct computation shows that
h
(−1)
0 − h(−1) =
s3
3
(
ZAZBσ˜ab − ZaZbZAZB + Z
(
ZaZ
A
b + ZbZ
A
a
)
ZB − ((Z)2 + 2)ZAa ZBb )pAB.
We compute ∣∣∣h(−1)0 − h(−1)∣∣∣2
σ˜
=
s2
9
(
9
(
pABZ
AZB
)2
+ (2(Z)2 − 8)δADZBZEpABpDE
+ ((Z)2 + 2)2δADδBEpABpDE
)
,
trσ˜
(
h
(−1)
0 − h(−1)
)
= sZAZBpAB
to get
det
(
h
(−1)
0 − h(−1)
)
=
1
2
(
trσ˜
(
h
(−1)
0 − h(−1)
)
−
∣∣∣h(−1)0 − h(−1)∣∣∣2
σ˜
)
= − s
2
18
( (
2(Z)2 − 8) δADZBZE + ((Z)2 + 2)2 δADδBE)pABpDE .
10 PO-NING CHEN, MU-TAO WANG, YE-KAI WANG, AND SHING-TUNG YAU
Denote |p|2 =∑A,B pABpAB . The volume integral contributes
1
3
∫
S2
[
(Z)2
2
|p|2 + 1
18
(
(2(Z)2 − 8)δADZBZEpABpDE + ((Z)2 + 2)2|p|2
)]
=
4π
9
|p|2
and the surface integral contributes
1
4
∫
S2
(Z)2(pABZ
AZB)2 − 10
3
(Z)2ZDZEpDEZ
AZBpAB = −2π
45
|p|2,
where we used the identity
∫
S2
(Z)2ZAZBZDZE = 4pi105 (δ
ABδDE + δADδBE + δAEδBD). 
REFERENCES
[1] R. Bartnik, Quasi-spherical metrics and prescribed scalar curvature, J. Differential Geom. 37 (1993), no. 1, 31–71.
[2] R. Bartnik, New definition of quasi-local mass, Phys. Rev. Lett. 62 (1989), no. 20, 2346–2348.
[3] H. Bondi, M. G. J. van der Burg, and A. W. K. Metzner, Gravitational waves in general relativity. VII. Waves from
axi-symmetric isolated systems, Proc. Roy. Soc. Ser. A 269 (1962) 21–52.
[4] I. S. Booth and R. B. Mann, Phys. Rev. D 59, 064021 (1999).
[5] J. D. Brown and J. W. York, Quasi-local energy and conserved charges derived from the gravitational action, Phys.
Rev. D (3) 47 (1993), no. 4, 1407–1419.
[6] S. Chandrasekhar, The mathematical theory of black holes, reprint of the 1992 edition, Oxford Classic Texts in the
Physical Sciences, Oxford Univ. Press, New York.
[7] P.-N. Chen, M.-T. Wang, Y.-K, Wang, and S.-T. Yau, Quasi-local mass on unit spheres at spatial infinity, in preparation
[8] P.-N. Chen, M.-T. Wang, and S.-T. Yau, Evaluating quasi-local energy and solving optimal embedding equation at
null infinity, Comm. Math. Phys. 308 (2011), no.3, 845–863.
[9] P.-N. Chen, M.-T. Wang, and S.-T. Yau, Minimizing properties of critical points of quasi-local energy, Comm. Math.
Phys. 329 (2014), no.3, 919–935
[10] P.-N. Chen, M.-T. Wang, and S.-T. Yau, Conserved quantities in general relativity: from the quasi-local level to spatial
infinity, Comm. Math. Phys. 338 (2015), no.1, 31–80.
[11] P.-N. Chen, M.-T. Wang, and S.-T. Yau, Quasi-local energy in presence of gravitational radiation, Int. J. Mod. Phys.
D 25, 164501 (2016).
[12] P.-N. Chen, M.-T. Wang, and S.-T. Yau, Quasi-local mass in the gravitational perturbations of black holes, in prepa-
ration.
[13] P.-N. Chen, M.-T. Wang, and S.-T. Yau, Evaluating small sphere limit of the Wang-Yau quasi-local energy, Comm.
Math. Phys. 357 (2018), no. 2, 731–774
[14] A. J. Dougan and L. J. Mason, Quasilocal mass constructions with positive energy, Phys. Rev. Lett., 67, 2119–2122,
(1991).
[15] P.-N. Chen, M.-T. Wang, and S.-T. Yau, Quasi-local mass at the null infinity of the Vaidya spacetime, Nonlinear
analysis in geometry and applied mathematics, 33–48, Harv. Univ. Cent. Math. Sci. Appl. Ser. Math., 1, Int. Press,
Somerville, MA, 2017
[16] D. Christodoulou, Nonlinear nature of gravitation and gravitational-wave experiments, Phys. Rev. Lett. 67 (1991), no.
12, 1486–1489.
[17] S. W. Hawking, Gravitational radiation in an expanding universe, J. Math. Phys. 9, 598 (1968).
[18] S. W. Hawking and G. T. Horowitz, The gravitational Hamiltonian, action, entropy and surface terms, Classical
Quantum Gravity 13 (1996), no. 6, 1487–1498.
[19] G. T. Horowitz and M. J. Perry, Gravitational energy cannot become negative, Phys. Rev. Lett. 48 (1982), no. 6,
371–374.
[20] J. Kijowski, A simple derivation of canonical structure and quasi-local Hamiltonians in general relativity, Gen. Rela-
tivity Gravitation 29 (1997), no. 3, 307–343. 90 (2003), no. 23, 231102.
[21] C.C. M. Liu and S.T. Yau, Positivity of quasilocal mass, Phys. Rev. Lett. 90, 231102 (2003)
[22] C.-C. M. Liu and S.-T. Yau, Positivity of quasi-local mass II, J. Amer. Math. Soc. 19 (2006), no. 1, 181–204.
[23] N. O´ Murchadha, L. B. Szabados and K. P. Tod, Comment on: “Positivity of quasi-local mass” Phys. Rev. Lett. 92
(2004), no. 25, 259001, 1 p.
[24] L. Nirenberg, The Weyl and Minkowski problems in differential geometry in the large, Comm. Pure Appl. Math. 6
(1953), 337–394.
[25] R. Penrose, Some unsolved problems in classical general relativity, Seminar on Differential Geometry, pp. 631–668,
Ann. of Math. Stud., 102, Princeton Univ. Press, Princeton, N.J., 1982.
[26] R. Penrose, Quasi-local mass and angular momentum in general relativity, Proc. Roy. Soc. London Ser. A 381 (1982),
no. 1780.
QUASI-LOCAL MASS AT NULL INFINITY IN BONDI-SACHS COORDINATES 11
[27] A. V. Pogorelov, Regularity of a convex surface with given Gaussian curvature, (Russian) Mat. Sbornik N.S. 31(73),
(1952), 88–103.
[28] Sachs, R. K. Gravitational waves in general relativity, VIII. Waves in asymptotically flat space-time. Proc. Roy. Soc.
Ser. A 270 1962 103–126.
[29] R. Schoen and S.-T. Yau, Proof that the Bondi mass is positive, Phys. Rev. Lett. 48 (1982), no. 6, 369–371.
[30] Y. Shi and L.-F. Tam, Positive mass theorem and the boundary behaviors of compact manifolds with nonnegative scalar
curvature, J. Differential Geom. 62 (2002), no. 1, 79–125.
[31] K. P. Tod, Penrose’s quasi-local mass, in Twistors in mathematics and physics, 164–188, London Math. Soc. Lecture
Note Ser., 156, Cambridge Univ. Press, Cambridge.
[32] A. Trautman, Boundary conditions at infinity for physical theories, Bull. Acad. Polon. Sci. 6 (1958), 403–406; reprinted
as arXiv:1604.03144.
[33] A. Trautman, Radiation and boundary conditions in the theory of gravitation, Bull. Acad. Polon. Sci., 6 (1958), 407–
412; reprinted as arXiv:1604.03145.
[34] M.-T. Wang, and S.-T. Yau, Quasi-local mass in general relativity, Phys. Rev. Lett. 102 (2009), no. 2, no. 021101.
[35] M.-T. Wang, and S.-T. Yau, Isometric embeddings into the Minkowski space and new quasi-local mass, Comm. Math.
Phys. 288 (2009), no. 3, 919–942.
[36] van der Burg, M. G. J. Gravitational waves in general relativity, IX. Conserved quantities Proc. Roy. Soc. Ser. A 294
1966 112–122.
